Complex Numbers:

Definition: A complex number is a number of the form:
z=a+h

where a, b are real numbers and ¢ is a symbol with the property:
i> = —1. You may treat i = /—1

We can treat ¢ as a variable in an algebraic expression and all algebraic rules are
still to be followed in operations involving a complex number.

The complex number system is an extension of the real number system. All
real numbers are complex numbers (by having b = 0), but there are complex
numbers that are not real, e.g. 2 — 3.

We add or subtract two complex numbers by adding and substracting the corre-
sponding real and complex part of the number.

E.g.

z2=44+3%,w=1—2
ztw=4+1)+ B+ -2)i=5+1
z—w=4-1)+B—-(-2)i=3+5i

To multiply two complex numbers, we multiply them like we multiply binomials,
with the understanding that i = —1

Example:

z2=—245,w=4+2

2w = (=24 50)(4 +2i) = —8 — 4i + 20i + 10¢> = —8 + 160 + 10(—1)
=—8+4+ 167 — 10 = —18 + 162

To divide a complex number by a real number is to multiply the reciprocal of the
real number to the complex number.

Example:

z=3—41,r=0,

How about dividing a complex a number by another complex number? In order to
do this, we first need another concept.

Definition: If z = a + bi is a complex number, then Z = a — bt is the complex
conjugate of z.



E.g. If z=4— 57, then 2 =4+ 5¢

Eg If 2=342¢, thenz=3—2

E.g. If 2 =127, then 2 = —12;

E.g. If 2z=8,thenz=28

Notice that a real number is its own conjugate.

If z=a+ bi, then Z = a — bi, and

z-Z=(a+bi)(a—bi)=a®>— (bi)> =a® - "> =a* - b*(—1) = a®> + b*.

In other words, the product of a complex number z with its complex conjugate Z
is always a real number.

z
To divide two complex numbers, say —, multiply the numerator and denominator

by the complex conjugate of the denominator. The result will make the denominator
into a real number, and we can divide accordingly.

E.g. Let z=3—2¢, w =4+ 3, find =
w

gl &l

z
Ans: We multiply — by the fraction
w

z oz w 3-2 4-3i (3—-2)(4—3i) 12— 9i— 8i+ 6i
w w w  4+3 4—3i (4+30)(4—3i) 16 — 9i2
12—-6-170 6—17 6 17,
ey g = — — —1
16 + 9 25 25 25

Using complex numbers we can provide solutions to equations like:
22 4+4=0

Notice that this equation has no solution in the real number system, but x = —2:
and x = 27 solve the equation.

In general, for any quadratic equation of the form az? + bz + ¢, where a, b, and ¢
are real numbers and a # 0, we have the two solutions:

b+ Vb2 — 4ac
N 2a

If the discriminant, b? — 4ac, is less than 0, then the equation has two complex
solution

X

If b — 4ac > 0, then the equation has two real solution
If b — 4ac = 0, then the equation has one real solution

Example: Solve the equation: 32° —z +2 =10



Ans: The solutions are:
1+/(-1)2-43)(2) 14++/-23 1 N V23
.CU — pu— _— — —Z
2(3) 6 6 6

Definition: A polynomial of degree n (with real coefficients) is a function
of the form:

p(7) = apx"™ + ap 12"+ @y 02" 2+ - 4 agx? + arx + ag
where a,,, a,_1,a,_2---as, ay, ag are real numbers, and a,, # 0
The number a,, is the leading coefficient of the polynomial.

Using long division of polynomials, we can divide a polynomial of higher degree by
a polynomial of lower degree to find the quotient and remainder.

Example: Divide (z* — 22 + 522 — 1) by (22 + 2 + 1)

Ans:
22 —3x+7
?+xz+1) a*— 2%+ ba? —1
—zt —23 —2?
— 323 + 422
323 + 32% + 3z
71?4 3x — 1
— T2 =T —T7
—4xr — 8

The quotient is (22 — 3z + 7) and the remainder is (—4x — 8).

Example: Divide (22° — 2% — 2+ 2) by (z — 4)
Ans:

202 +Tr +27
$—4) 23 —x2 —x 42

— 223 4 822
T2 —=x
— 72 + 287
27r 4+ 2
— 27z + 108
110

The quotient is (222 + Tz + 27) and the remainder is (110)

Notice that when the divisor is a linear polynomial (of degree 1), the remainder is
a constant polynomial of degree 0 (a number).



Using this method we can arrive at the:
Division Algorithm:

Suppose P(z), D(x) are polynomials and degree of D(x) is less than or equal to
degree of P(z), then there exist unique polynomials Q(x) and R(x) such that:

P(x) = D(x) - Q(x) + R(x)

and degree of R(x) is strictly less than degree of D(x).

If R(x) = 0 is the zero polynomial, we say that D(z) is a factor of P(z)
Example: Given P(z) = 2° — 22 + 22 — 2 — 1 and D(z) = 2> + 2 + 2, we have:

23 — 2?2 —3x+1
x2—$+2) x’ — 22t +222 —x—1
— 2 42t —223
— gt — 223 + 227
ot — 23 4 222

— 323 + 422 —x
32% — 322 + 62
22 +5x—1
— 2 +x—2
6x — 3

In other words, Q(z) = 2* — 2> — 3x + 1 and R(z) = 6z — 3.
Q)(x) is the quotient, and R(x) is the remainder, and we can write:
(2’ =22 + 222 —x—1) = (2 — 2+ 2)(2® — 2 — 32+ 1) + (62 — 3)

If we divide a polynomial P(x) by a linear factor (z — r), the division algorithm
tells us that there are polynomials Q(x) and R(x) such that

P(z) = (z—7r)Q(x)+ R(x), where degree of R(x) is less than degree of (x—r). Since
degree of (z —7) is 1, degree of R(z) must be 0. In other words, R(z) is a constant
polynomial. Notice that P(r) = (r — r)Q(r) + R(r) = 0(Q(r)) + R(r) = R(r).

But R(x) is a constant, so P(r) must be the remainder, R(x). We have the:
Remainder Theorem:

When a polynomial P(z) is divided by x — r, the remainder is P(r).

Example: If p(z) = 2* + 23 — 2% — 22 + 3. Since
p(2) = (2)* +(2)* - (2)? -2(2) +3=16+8 —4— 4+ 3 =19,

the remainder theorem tells us that when p is divided by x — 2, the remainder is



19. This is indeed the case:

22 +322 +5x +8
x—2) 2t o+t —x?2 —2r +3

—zt 4223
323 — 22
— 323 4 622
Sr? — 2x
— 522 + 10x
8r +3
— 8x + 16
19

Example: If p(x) = 22° — 22 + 2% — 2 — 1. Since
p(=1)=2(=1° = 2(=1)* + (=1} - (-1)-1=-2—-2—-1+1—-1= —5,

the remainder theorem says that when p(x) is divided by (z — (—1)) = (x4 1), the
remainder is —5.

20t — 423 + 522 —bx + 4

x—|—1) 200 — 22* + 23 —xr—1
— 220 — 224
— 4zt + 23
4ot + 423
53
— 53 — ba?
— 52 —=x
522 + bx
4dr — 1
—4r —4
-9

Factor Theorem:

A real number r is a root (or zero) of a polynomial p(z) if and only if z — r is a
factor of p(x)

Example: Let p(x) = 2* — 32% + 2 — 6. Since p(2) = 0, the factor theorem tells us
that (x — 2) is a factor of p(x). In other words, when p(z) is divided by (z — 2),
the remainder is 0.



3 4+22 +1x+3

r—2) zf — 322 +7-6
—at + 223
203 — 322
— 223 + 422
2’ +ax
— 22 42z
3r — 6
—3r+6
0

We have: (2% — 322 + 2 —6) = (v — 2)(2® + 22% + 2 + 3)



Let p(z) be a polynomial, if (z — r)* is a factor of p but (x — r)*! is not a factor

of p, then we say that r is a root of p with multiplicity k.
Example: Let p(z) = (x — 2)3(z + 1)%(x + 4).

p has three roots, namely 2, —1, and —4. The root 2 has a multiplicity of 3, the
root —1 has a multiplicity of 2, and the root —4 has a multiplicity of 1.

One of the major problem of algebra is finding solution(s) of polynomial equations.
In polynomial equations where the coefficients involve one kind of real numbers,
the solutions may be a (possibly more complicated) different kind of real numbers.

For example:

20 —1=0

1
The is an equation where the coefficients are integers, but the solution, 57 is not an

integer. We need to involve rational numbers to solve polynomial equations where
the coefficients are only integers.

22 —2=0

This is an equation where the coefficients are rational numbers, but the solutions,
++/2, are not rational numbers. They are irrational numbers. We need to involve
irrational numbers to solve polynomial equations where the coefficients are only
rational numbers.

22 4+1=0

This is an equation where the coefficients are all real numbers, but the solutions, =41,
are not real numbers, they are complex numbers. We need to involve the complex
numbers to solve polynomial equations involving only real numbers.

For polynomial equations involving complex numbers, we may ask the same ques-
tion. Do we need to involve something beyond the complex number system to solve
polynomial equations involving complex numbers? To answer this question, we
have the following:

Fundamental Theorem of Algebra:

Any polynomial (whose coefficients are real or complex numbers) of degree n has
n complex roots, counting multiplicity.

The significance of the fundamental theorem of algebra is that it tells us that the
complex number system is algebraically closed. In other words, all polyno-
mial equations involving complex numbers as coefficients, the solutions will also be
complex. We do not have to worry about inventing any new kind of numbers to
accomodate the solutions.



Rational Roots Theorem:
Consider the equation:

f(x) = apa" +an,_ 12" 1+ a, 22" 2+ - - asx® + a1+ ag be a polynomial of integer
coefficients (i.e. a,,a,_1,- - as, ay,ay are all integers), then:

If r = £ is a rational root of f, then p is a factor of ag and ¢ is a factor of a,.
q

The rational roots theorem gives us a way of looking for the candidates of the
rational roots of a polynomial of integer (and rational) coefficients. For example,

f(x) = 4a® — 52% 4+ 22 — 21

Since the only factors of 4 are +4, 42, 1, and the only factors of —21 are 21, +7, 43, £1,

the only candidates of rational roots of f are:
21 21 T 7 3 3 1 1
421,47 4+ 47 4 4 43 4 40 4 4 4
4 2 4 2 4> 2 4" 2
These are the only candidate for rational roots of the polynomial. We only need
to test these numbers for the existance of possible rational roots of f. None of them

has to be a root, however.

Also note that the rational roots theorem gives no information about irrational or
complex roots. A polynomial may still have irrational or complex roots regardless
of what the rational roots theorem says about the existance of rational roots.

We say that a polynomial p (of real coefficient) has a variation in sign if two
consecutive (non-zero) coefficients of p have opposite sign.

Example:
plx) = 72" + 6ZL‘2 + x 4+ 9 has 0 variation in sign

x — 222 — 3z — 1 has 0 variation in sign

p(z) =
p(x) = 22° — 42° — 32% — 12 has 1 variation in sign
()

= o' — 223 + 522 — 22 + 9 has 4 variations in sign

g~

Decarte’s Rule of Sign Let p(z) be a polynomial of real coefficients, then:

The number of positive real roots of p is equal to the number of variations in
sign of p(x) or less than that by an even number.

The number of negative real roots of p is equal to the number of variations in
sign of p(—x) or less than that by an even number.

Example:
Let p(z) = 22° — 32t — 23 + 2 — 1

Since p(x) has 3 variations in sign, Decarte’s rule of sign tells us that p has 3, or 1,
positive real root.



Notice that p(—x) = 2(—2)° = 3(—2)* = (=) +(—2)—1 = —22° -3t + 2% -2 —1

p(—x) has 2 variations in sign, Decarte’s rule of sign tells us that p has 2, or 0,
negative real root.



