We can think of a complex number a + bi as the point (a, b) in the xy plane. In
this representation, a is the x coordinate and b is the y coordinate.The x—axis
is called the real axis and the y—axis the imaginary axis, and we refer to this
plane as the complex plane.

Example: The complex number 3 — 2i can be viewed as the point (3, —2) in the
complex plane.

41

Given a complex number z = = + yi, we define the magnitude of z, written |z|,
as:

A = V7,

Graphically, the magniture of z is the distance between z (viewed as a point on
the xy plane) and the origin.
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Graphically, if we add two complex number, we are adding the two numbers by
treating them as vectors and adding like vector addition.



For example, Let 2 = 5 + 2i, w = 1 + 6¢, then
z+w=0b+2)+(1+6i)=5+1)+(2+6)i =6+ 8i
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In order to interpret multiplication of two complex numbers, let’s look again at
the complex number represented as a point on the complex plane. This time,

we let r = /22 + 92 be the magnitude of z. Let 0 < # < 27 be the angle in
standard position with z being its terminal point. We call # the argument of

the complex number z:



1maginary axis maginary axis

[2 f real axis [2 f

By definition of sine and cosine, we have

cos(f) = T o= rcos(6)
r

sin(f) = LA y = rsin(0)
r
We have obtained the polar representation of a complex number:

Suppose z = x + yi is a complex number with (x,y) in rectangular coordinate.
Let r = |z| = /22 + 9?2, let 0 < 0 < 27 be an angle in standard position whose
terminal point is (x,y) (in other words, (r,0) is the polar coordinate of (z,y)),
then

z=u1x+yi=rcos(d)+r(sin(d))i = r[cos(d) + isin(0)]
Example: Write —2v/3 — 2i in polar form:

Ans: r = \/(~2v3)2 + (-2)2 = \/E-3) +d=VIZ T d=4

1Maginary axis

f \ real axis

2= -2vV3 -2

The sides of the triangle formed has length 2, 24/3, and 4. This is the ratio of a
7
30° — 60° — 90° triangle, meaning that § — g

Therefore,

r=—2V/3-2i=14 [COS (%) s (7%)]

y 2 =T + Yyt z=x+Yi

real axis



Example: Express the (polar form) complex number z = 3 |:COS (

as a complex number in rectangular form.

Ans: cos 2 = —1, and, sin m = ﬁ, we have:
3 2 3 2

z=3[cos <2§>+¢Sm (%ﬂ)] _ V3
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Let z; = 71 (cos(01) +isin(6y)), let zo = 15 (cos(6s) + isin(fy)), then,
21 - 29 = [r1 (cos(01) 4+ isin(6y))] [ro (cos(02) + isin(6s))]

= 1179 [(cos(fy) + isin(6y)) (cos(fz) + isin(6s))]

= 1175 [cos(61) cos(fy) + i cos () sin(fs) + i sin(6;) cos(62) + i sin(6;) sin(6s)]
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cos(f) cos(fy) — sin(6y) sin(6s)) + ¢ (cos(6y) sin(bs) + sin(6y) cos(6s))]
cos(fy) cos(f2) — sin(6fy) sin(6s)) + i (sin(#y) cos(s) + cos(0y) sin(6s))]
= 1179 [cos(6y + O2) + isin(6y + 02)] (double angle identity)

We have just proved the following formula:

Let 21 = ry [cos(0y) + isin(6y)], z2 = 79 [cos(f2) + isin(fy)], be complex numbers

in polar form, then

Z1%9 = T1T9 [008(91 + (92) +1 sin(91 + 92)]

This formula tells us that, goemetrically, to multiply two complex numbers is to
multiply their magniture and add their argument. In other words, to multiply
z1 = ri(cos(fy) + isin(6y)) and zo = ro(cos(s) + isin(fy)), we multiply their
magniture, o and r9, and add their argument, ¢; and 6. The result (product)

is a complex number whose magnitude is 717y and whose argument is 61 + 6,.
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We can use a similar method to prove the following formula for dividing two

complex numbers in polar form:

Let z; = ry [cos(01) + isin(6y)], let zo = ro[cos(fy) + isin(fs)], 22 # 0, be complex

numbers in polar form, then
<1 r1

= — [cos(6y — 02) + isin(0; — 65)]
) 2
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Example: Let z; = 2 {cos <Z> + 7 sin (Z)}, 29 =205 lcos (?> + 7 sin (?>]

then by the formula,

1z = (2)(5) [cos G + %ﬂ) +isin G + 4%)] =10 [cos (119—;> +isin (%)]

Example: Let z = r (cos(0) + isin(0)), find 2? and 23

Ans: Using the formula, 2? = z - z = [r (cos(#) + isin(6))] [r (cos(8) + isin(A))]
=71 -7[cos(d + 0) + isin(f + )] = r? [cos(20) + i sin(20)]

Similarly, to find 23, we note that 2% = 22 - 2

= [r* (cos(20) + isin(26))] [r (cos(6) + isin(6))]

=121 [cos(20 + 0) +isin(20 + 0)] = r* [cos(36) 4 i sin(36)]

This pattern tells us that, each time we raise a complex number 2z to an integer
power, n, we raise its magniture, r, to the n—th power, and multiply its argument,
0, by n. This is the:

De Moivre’s Theorem:

Suppose z = r[cos(f) + isin(#)] is a complex number is polar form, and n > 1 is
a positive integer, then:

2" = 1" [cos(nf) + isin(nb))

3 1
Example: Let z = > + 52 be a complex number in rectangular form. Find z!7
Yl
z= ? + %z
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Ans: We first write z in polar form. We note that 6, the argument of z, is the
T
angle of the special 30° — 60° — 90° triangle, so 6 = ra

=V1i=1

| —

Pl = ViR = (§)+(§): 35



1
Therefore, z = @ +-1=1 [COS (z) + 7 sin (Eﬂ
2 2 6 6

Using De Moivre’s Theorem, we have:

17 17
=117 {COS (17- %) + 7 sin (17 . %)} =1 [COS <%) + 7 sin (—>]
o o o
= lcos (27T + E) + 2sin (27r + E)]

Example: Let z = —1 + ¢, find 2™
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Ans: We again first write z in polar form:

Yl

z=—14+1

We find r = |2| = V22 + 9 = V/(—1)2 + (12 = V2

The x— and y— coordinate of z forms an isoceles right triangle with the x—axis,
. : , 3T
so the reference angle of z is 4 Mmeaning that the argument of z, 6, is § = —.

We have:

r=—1+i=12 [cos (%”) + isin (%ﬂ)]

Using De Moivre’s Theorem, we have:

M= (v2) ; [cos (14 - %) + isin (14 - %ﬂ)} — (2 [cos (%T) +isin <2177T>]
198 [cos (107r + g) +isin <107r + g)} 128 [cos (g) +isin (g)]

= 1280 +i(1)] = 128i

We know the meaning of the n-th root of real numbers like V5 or v/13. With the
introduction of complex numbers, even numbers like v/—3 can now be expressed
as complex numbers. But what about numbers like the square root or cube roots
of complex numbers? For example, what is the meaning of v/i or +/1 + i, and
does it exist?



By definition of the n—th root, we know that if b = /a, this means that b" = a.
So if w is a complex number, if we say z = Yw, we are looking for a number
z with the property that z" = w. If we write w as a complex number in polar
form, then De Movire’s Theorem allows us to find all the n—th roots of w.

The n-th roots of a complex number:

Let n > 1 be a positive integer, let w = r [cos(#) + isin(#)] be a complex number
in polar form with » > 0 be the magniture of w, then the equation 2" = w has n
distinct (complex numbers) solutions. Each solution zj is of the form:

[ (9 Qkﬂ) - (6 2k7r>}
zp = /r |cos | —+— | +isin | —+— ||,
non non

where £ =0,1,2,3,...,n—2,n—1

The above theorem tells us that each complex number w always has n distinct
(complex) n—th roots.

Example: Find all the cube roots of i. In other words, find all the (complex)

solutions of the equation: 23 = i. Write your answer in rectangular form if

possible.

Ans: According to the theorem just mentioned, there will be three distinct com-
plex numbers z that satisfies the equation. In order to apply the theorem, we
need to represent i in polar form. Notice that |i| = 1, and the terminal side of i

is the y— axis, with an argument of 6§ = > therefore, we have:

=1 [eos () +ism ()]

According to theorem, we have:

20=1 [cos (1{2 + 2(2)W> +isin (W?{Q + 2(2)7)]

- fom ) iin ()] = 44 (3)

5w =1 [cos (Wéz + 2%”) +isin (Wéz + 2?”)]

= |cos E—|—2—7T + 2 8in z+2_7r
N 6 3 6 3

57 . (57 V3 (1
= COS (F) + 72 81n (E) = —7 412 <§>

o= ¥ oo (L2 227 s (212, 2207




= |cos E+4—7T + 2 sin z+4_7r
N 6 3 6 3
3 3
= cos (g) + i sin (;) =0+4+i(—1)=—i

Graphically, these three roots all lie on the same circle (on the complex plane)
with radius 1 (magniture of each zj, for this example), and they are equally spaced
from each other.
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Example: Find all the 5th roots of the complex number w = 1 —+/3i. Write your
solution in rectangular form, if possible.

Ans: We are looking for all five of the (complex) solutions to the equation z° = w.

We first express w in polar form:

w| = \/(1)2+ (—\/§)2 =V1+3=2
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The sides of the triangle formed by the terminal side of w and the x and y is in
the ratio of a 30° — 60° — 90° triangle. So the reference angle of w is 3 so the
T

argument of w is 6 = 3

Therefore, w = 2 [cos (5%) + 7 sin (%)]

Using the formula, we know there are five unique solutions to the equation:

2 =w=2 |:COS <5—7T> + 7 sin (%)] , these solutions are:

3
= 8o (L2 200) g (222, 20Y)
o (5) - ()] 5[l ()] - s (22,5

Y =2 [COS (57;/3 N 2(;)7r> ©idin (57;/3 2(;)w>]
o (55 o (5 )] = oo () w100 ()
o= V/2 [COS <57r5/3 . 2(§)w> ©idin (57;/3 s z(i)wﬂ
9o (54 7)o (5 )] =2 o () <150 ()



23 =V/2 [cos (571'5/3 N 2(?;)7r> s (571-5/3 N z(i)w)]
il (5 5) o (54 )] = 2lom (5) o ()
o 8o (L2 2007) g (222, 20

5 T 8’ . T 8m 5 291 . 297
= \/§ [COS <§+?) + 72811 <§+€>] = \/§ |:COS (1—5) + 2 81n (1—5)}

While we can use special triangle ratio to turn z; into rectangular form, it will
not be easy to express the other zq, 2o, 23, or z4 into rectangular form, so we leave
the answer in polar form.

Each of the five five roots lie on the circle (on the complex plane) with radius
equal to v/2, and equally spaced from each other.
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Let n > 1 be a positive integer, we say that an n-th root of unity is a (complex)
number z that solves the equation z" = 1. From the theorem we just discussed,
for each n, there are n many n—th roots of unity.

Example: Find all the 6th roots of unity. Express your answers in rectangular
form if possible.

Ans: We are looking for all the (complex) solutions of the equation 2% = 1.
Writing 1 in polar form, we have:



1 =14 0i = 1[cos(0) + isin(0)]

The six roots of unity are given by:

2 =1 :cos (9 + 2(0)W> +isin (g + 2(2) ) = cos(0) + isin(0) = 1

3

6 6

a=1 :cos (g + 2%”) +isin (g 4 2(2) )

(5 n(3) -1 (5)
e o (4 25 o (5267

‘COS@)“““(?W):? (?)

=1 {COS (9 N 2(3)7T> ©isin <g .\ 2(2)77)]
1

3

6 6
= cos (m) +isin(m) = —1+0i = —

—1 { ( + 2?”) +isin (g + 2%”)]
~ cos (%”) T isin (”?) S <—§> —%—i(
—1 ( > +isin (g + 2(2)7)]
() (3) ()9

The six solutions are equally spaced on the unit circle.
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